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ABSTRACT

We measure the sum of the neutrino particle masses using the three-dimensional galaxy power
spectrum of the Sloan Digital Sky Survey III (SDSS-III) Baryon Oscillation Spectroscopic
Survey Data Release 9 the constant MASS (CMASS) galaxy sample. Combined with the
cosmic microwave background, supernova and additional baryonic acoustic oscillation data,
we find upper 95 per cent confidence limits (CL) of the neutrino mass mν < 0.340 eV within
a flat  cold dark matter (CDM) background, and mν < 0.821 eV, assuming a more
general background cosmological model. The number of neutrino species is measured to be
Neff = 4.308 ± 0.794 and 4.032+0.870
−0.894 for these two cases, respectively. We study and quantify the effect of several factors on the neutrino measurements, including the galaxy power
spectrum bias model, the effect of redshift-space distortion, the cut-off scale of the power
spectrum and the choice of additional data. The impact of neutrinos with unknown masses
on other cosmological parameter measurements is investigated. The fractional matter density and the Hubble parameter are measured to be M = 0.2796 ± 0.0097, H0 = 69.72+0.90
−0.91
+3.16
−1
km s−1 Mpc−1 (flat CDM) and M = 0.2798+0.0132
Mpc−1 (more
−0.0136 , H0 = 73.78−3.17 km s
general background model). Based on a Chevallier–Polarski–Linder parametrization of the
equation-of-state w of dark energy, we find that w = −1 is consistent with observations,
even allowing for neutrinos. Similarly, the curvature K and the running of the spectral index
α s are both consistent with zero. The tensor-to-scalar ratio is constrained down to r < 0.198
(95 per cent CL, flat CDM) and r < 0.440 (95 per cent CL, more general background model).
Key words: cosmological parameters – large-scale structure of Universe.
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The clustering of galaxies in the SDSS-III Baryon Oscillation
Spectroscopic Survey: weighing the neutrino mass using the galaxy power
spectrum of the CMASS sample

Neutrino mass constraint from CMASS
1 I N T RO D U C T I O N

2 C M A S S D R 9 DATA A N D M E A S U R E M E N T
The SDSS-III (Eisenstein et al. 2011) BOSS (Dawson et al. 2013)
obtains spectra for two primary galaxy samples selected from SDSS
imaging data. In combination, the SDSS-I, SDSS-II and SDSS-III
imaging surveys obtained wide-field CCD photometry (Gunn et al.
1998, 2006) in five passbands (u, g, r, i, z; e.g. Fukugita et al. 1996),
amassing a total footprint of 14 555 deg2 , internally calibrated
using the ‘uber-calibration’ process described in Padmanabhan et al.
(2008), and with a 50 per cent completeness limit of point sources
at r = 22.5 (Aihara et al. 2011). From this imaging data, BOSS
has targeted 1.5 million massive galaxies split between the low
redshift (LOWZ) and the constant MASS (CMASS) samples over
an area of 10 000 deg2 (Padmanabhan et al., in preparation). BOSS
observations began in fall 2009, and the last spectra of targeted
galaxies will be acquired in 2014. The R = 1300–3000 BOSS

spectrographs (Smee et al. 2013) are fed by 1000 2 arcsec aperture
optical fibres, allowing 1000 objects to be observed in a single
pointing. Each galaxy observation is performed in a series of 15minute exposures and integrated until a fiducial minimum signal-tonoise ratio, chosen to ensure a high-redshift success rate, is reached
(see Dawson et al. 2013 for further details). The determination of
spectroscopic redshifts from these data is described in Bolton et al.
(2012).
We use the SDSS-III Data Release 9 (DR9; Ahn et al. 2012)
CMASS sample of galaxies, as analysed by Anderson et al. (2012),
Reid et al. (2012), Samushia et al. (2013), Sanchez et al. (2012),
Nuza et al. (2013) and Ross et al. (2012a,b). It contains 264 283
massive galaxies covering 3275 deg2 with redshifts 0.43 < z < 0.7
(the effective redshift zeff = 0.57. The sample is roughly split into
two angular regions, with 2635 deg2 in the Northern Galactic Cap
and 709 deg2 in the Southern Galactic Cap.
We measure the galaxy power spectrum Pmeas (k), using the standard Fourier technique of Feldman, Kaiser & Peacock (1994), as
described by Reid et al. (2010b). In particular, we calculate the
spherically averaged power in k bands of width k = 0.004 h Mpc−1
using a 20483 grid. We use the same weighting scheme as in
Anderson et al. (2012) and Ross et al. (2012a,b), which includes
both weights to correct for the systematic relationship between
target galaxy density and stellar density and also ‘FKP’ weights,
using the prescription of Feldman et al. (1994), which amounts to
a redshift-dependent weighting in our application. The process of
calculating weights is described in detail in Ross et al. (2012a).
The galaxy power spectrum was used in Anderson et al. (2012) to
extract and fit the BAO.
To determine expected errors on the power spectrum, we use
the 600 mock DR9 CMASS catalogues generated by Manera et al.
(2013) to generate a covariance matrix C[ki ][kj ] quantifying the covariance of the power between the ith and jth k bins. The correlation
between bins can be simply quantified using the correlation matrix
Corr[ki ][kj ],
Corr[ki ][kj ] ≡ 

C[ki ][kj ]
.
C[ki ][ki ]C[kj ][kj ]

(1)

Manera et al. (2013) used the initial conditions of a flat cosmology defined by M = 0.274, b h2 = 0.0224, h = 0.70, ns = 0.95
and σ 8 = 0.8 (matching the fiducial cosmologies assumed in White
et al. 2011 and Anderson et al. 2012), and generated dark matter halo
fields at redshift 0.55. These were produced using a second-order
Lagrangian perturbation theory approach inspired by the perturbation theory haloes (Scoccimarro & Sheth 2002). Galaxies were
placed in haloes using the halo occupation distribution determined
from CMASS ξ 0 measurements and the parametrization of Zheng,
Coil & Zehavi (2007). The DR9 angular footprint was then applied
and galaxies were sampled along the radial direction such that the
mean n(z) matched the CMASS n(z), thereby providing 600 catalogues simulating the observed DR9 CMASS sample. See Manera
et al. (2013) for further details.
Ross et al. (2012a,b) consider remaining systematic uncertainties in the power spectrum measurements, caused by observational
effects.1 They suggest that the most conservative treatment is to
allow for a free parameter in the measured data such that


(2)
Pmeas (k) = Pmeas,w (k) − S Pmeas,nw (k) − Pmeas,w (k) ,

1 The systematic uncertainties only affect the power spectrum measurements
on large scales (k < 0.02 h Mpc−1 ).
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The determination of the neutrino mass is one of the most important tasks in modern science. High-energy experiments probe
the mass differences between neutrino species through neutrino
oscillations. Latest measurements give squared mass differences
for the solar neutrino and the atmospheric neutrinos of m212 =
−5
−3
eV2 and m223 = 2.35+0.12
eV2 , respec7.59+0.20
−0.18 × 10
−0.09 × 10
tively (Fogli et al. 2011; Schwetz, Tórtola & Valle 2011).
While there is no way to measure the absolute neutrino mass in
these oscillation experiments, this can be measured using cosmological observations. The redshift of the matter-radiation equality
depends on the summed mass of neutrino particles, leaving an imprint on the cosmic microwave background (CMB) angular power
spectrum, and the matter transfer function. Massive neutrinos also
affect the cosmological growth factor, inhibiting growth as their
velocity dispersion slows down their mean flow into structures. Reviews of the effects of neutrinos in cosmology are given by Dolgov
(2002) and Lesgourgues & Pastor (2006).
Given the number of recent galaxy surveys, and different options for modelling non-linear effects in the measured galaxy power
spectrum, it is not surprising that there have been a significant number of previous efforts to measure the neutrino mass using cosmological probes (e.g. Elgarøy et al. 2002; Lewis & Bridle 2002;
Allen, Schmidt & Bridle 2003; Hannestad 2003, 2005; Spergel et al.
2003, 2007; Barger, Marfatia & Tregre 2004; Crotty, Lesgourgues &
Pastor 2004; Hannestad & Raffelt 2004; Tegmark et al. 2004; Elgarøy & Lahav 2005; Seljak et al. 2005; Goobar et al. 2006; Xia,
Zhao & Zhang 2007; Komatsu et al. 2009, 2011; Tereno et al. 2009;
Reid et al. 2010a,b; Swanson, Percival & Lahav 2010; Thomas, Abdalla & Lahav 2010; Saito, Takada & Taruya 2011; de Putter et al.
2012; Riemer-Sørensen et al. 2012; Sanchez et al. 2012; Xia et al.
2012; Benson et al. 2013). In this work, we use the best-ever measurement of the galaxy power spectrum, based on the Sloan Digital
Sky Survey III (SDSS-III) Baryon Oscillation Spectroscopic Survey
(BOSS) combined with other data sets of CMB, supernovae (SNe)
and baryonic acoustic oscillation (BAO) to measure the neutrino
mass, the effective number of species of the neutrinos, as well as
other degenerate cosmological parameters taking into account the
neutrino effects.
We shall briefly introduce the BOSS sample in the next section,
and describe the method adopted to model the galaxy power spectrum in Section 3. Before we show our results in Section 5, we detail
the data sets included in addition to the BOSS data. We conclude
and review the primary results of this work in the final section.
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j

where

W [0][kj ]Pg (kj )/Pwin (0).
Po =

(4)

j

The second term in equation (3) is necessary because the galaxy
density is estimated from the data itself, forcing Pmeas (k = 0) = 0. We
calculate Pwin (k) and Pg (k) in bins k = 0.0005 h Mpc−1 , yielding
sufficient resolution to output Pconv (k) in (the measured) bin width
k = 0.004 h Mpc−1 . Ross et al. (2012a) present a number of tests of
this procedure based on analysis of the mock samples. The Pconv (k)
we determine using this approach are compared directly to Pmeas (k).
We assume a flat  cold dark matter (CDM) cosmology with
M = 0.285, b = 0.0459, h = 0.70, ns = 0.96, σ8 = 0.8 (approximately the best-fitting model found by Sanchez et al. 2012)
when calculating the power spectrum, and we project the scales (using DV (z = 0.57) as the distance) to the cosmology to be tested. The
quantity DV is the average distance to the galaxies-pairs, defined
as,


cz 1/3
,
(5)
DV (z) = (1 + z)2 DA2 (z)
H (z)
where DA (z) and H(z) are the physical angular diameter distance
and the Hubble expansion rate at redshift z, respectively.
The measured power spectra Pmeas, w (k), the correlation matrix
Corr[ki ][kj ] (defined in equation 1) and the window matrix W[ki ][kj ]
are shown in Fig. 1 (for clarity, only every fourth k-bin are displayed
in the middle and bottom panels). The effect of the survey window
is clear, as the middle panels show that there is significant correlation between k-bins. These correlations are larger in the southern
region, as is the uncertainty, due to the fact that it accounts for only
22 per cent of the area observed in the total combined sample.
3 M O D E L L I N G T H E G A L A X Y P OW E R
S P E C T RU M
As massive neutrinos change the underlying shape of the matter
power spectrum, resulting constraints on non-linear scales depend
on our ability to model similar changes in shape induced by the

Figure 1. The power spectrum measured from the CMASS sample. The
correlation coefficients obtained from the mock catalogues and the expected
window functions are shown in the middle and bottom row. See text for
more details.

physics of galaxy formation – known as galaxy bias. Various models and parametrizations have previously been introduced to convert
from the linear matter power spectrum to the galaxy power spectrum. Swanson et al. (2010) tried 12 different models and compared
the resultant neutrino mass measurement using SDSS-II luminous
red galaxy (LRG) sample. Models are based on two different approaches: either using higher-than-linear-order perturbation theory
(e.g. Saito, Takada & Taruya 2008, 2009), or using fitting formulae
calibrated from N-body simulations (e.g. HALOFIT; Smith et al. 2003;
Bird, Viel & Haehnelt 2012). In this work, we shall compare results
from both approaches.
3.1 Perturbation theory
To extend the power spectrum to mildly non-linear scales, a straightforward approach is to include higher order corrections to the
linear standard perturbation theory (SPT). For the system consisting of baryons and dark matter only, the higher order corrections (dubbed ‘one-loop’ corrections) have been extensively studied (e.g. Juszkiewicz 1981; Makino, Sasaki & Suto 1992; Jain &
Bertschinger 1994; Scoccimarro & Frieman 1996; Heavens, Matarrese & Verde 1998). At the one-loop level of the SPT, the corrected
matter power spectrum is
1loop

Pcb

(k) ≡ PcbL (k) + Pcb(22) (k) + Pcb(13) (k),

(6)

where the subscript ‘cb’ denotes ‘CDM plus baryons’, the superscripts ‘(22)’ and ‘(13)’ illustrate the perturbative corrections to
the power spectrum at next-to-leading order and the superscript ‘L’
stands for the linear matter power spectrum. With the presence of
massive neutrinos, Saito et al. (2008, 2009) generalized equation
(6) to
1loop

1loop

Pcbν (k) = fcb2 Pcb

L
(k) + 2fcb fν Pcbν
(k) + fν2 PνL (k),

(7)
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where Pmeas, w (k) is the power spectrum measured after applying the
weights for stellar density (the dominant known source of systematic deviations in target density) and Pmeas, nw (k) is the measurement
without these weights. The parameter S represents an additional nuisance parameter that we marginalize over for all of the constraints
we present. Note that fixing S = 0 represents the case where no
systematic uncertainty in the application of the weights for stellar
density is taken into account when measuring the power spectrum
using these weights. Following Ross et al. (2012b), we put a Gaussian prior on S around zero with a standard deviation 0.1, which is
motivated by the tests using mocks in Ross et al. (2012a).
In the resulting measurements, data at different scales will be
correlated as a result of the survey geometry. We must account
for this effect when comparing theoretical power spectra, Pg (k)
(calculated as described in Section 3), to Pmeas (k). We do so using
the spherically averaged power in the window, which we denote
Pwin (k): the measured power spectrum Pmeas (k) is a convolution of
the true underlying power spectrum with Pwin (k), normalized such
that the convolved product is zero at k = 0. For ease we convert
the convolution into a matrix multiplication based on a ‘window
matrix’ W[ki ][kj ] such that

Pconv (ki ) =
W [ki ][kj ]Pg (kj ) − Po Pwin (k),
(3)

Neutrino mass constraint from CMASS

A crucial assumption to derive the formula of equation (7) is to
treat the neutrino component to stay completely at linear level. Saito
et al. (2009) shows that this assumption can be justified for expected
small mass of neutrinos [see also Shoji & Komatsu (2010)]. Given
equation (7), Saito et al. (2008, 2009) proposed an SPT-based model
to convert the matter power spectrum to the galaxy power spectrum
at a given scale k and a given redshift z,
1loop

Pg (k; z) = b12 Pcbν (k; z) + b2 Pb2 (k; z) + b22 Pb22 (k; z) + N , (9)
where b1 , b2 and N denote the linear bias, non-linear bias and
the residual shot noise respectively, which can be derived using
an SPT prescription (McDonald 2006). Quantities Pb2 , Pb22 can
be calculated using SPT and the expression is explicitly given in
equations (32) and (36) in Saito et al. (2009). Note that on linear
scales, equation (9) reduces to
L
(k; z) + N .
Pg (k; z) = b12 Pcbν

(10)

Hence, b1 acts as a linear bias and N contributes a shot noise contamination stemming from the stochastic bias and non-linear clustering
(Heavens, Matarrese & Verde 1998; Seljak 2000; Smith, Scoccimarro & Sheth 2007). The terms multiplying b2 give rise to a
scale-dependent bias due to the non-linear clustering. In general,
b1 , b2 , N vary with galaxy type, so we treat them as free parameters
to be marginalized over in our analysis.
3.1.1 Modelling the redshift-space distortions
In this section, we discuss the issue of model uncertainty in the
CMASS power spectrum, focusing on the effect of the redshiftspace distortions (RSD). In order to quantitatively model the impact
of the RSD on the spherically averaged CMASS power spectrum,
we compare the following RSD models:
RSD Model 1: Linear Kaiser. At very large scales where the linear
perturbation theory holds, the mapping from real to redshift space
can be expressed at linear order, and the resultant redshift-space
power spectrum is enhanced by the so-called Kaiser factor (Kaiser
1987):
PgS (k, μ) = (1 + f μ2 )2 Pg (k),

(11)

where μ is the cosine between the line-of-sight direction and
the wave vector, and f is the logarithmic growth defined as
f ≡ d ln D(a)/d ln a. The superscript ‘S’ denotes the quantity in
redshift space. Spherically averaging equation (11), we have the
monopole component,
P0S (k) =

1+

f2
2f
+
3
5

Pg (k).

(12)

RSD Model 2: Non-linear Kaiser. The Linear Kaiser model is not
true especially at mildly non-linear scales (see e.g. Scoccimarro
2004). To linear order, the matter density perturbation in redshift
space can be written as
δ S (k) = δ(k) + f μ2 θ (k),

(13)

where θ is the divergence of the peculiar velocity field. In order to
take into account non-linear gravitational evolution of the velocitydivergence field separately, the Kaiser model is generalized to the
Non-linear Kaiser model as follows:
PgS (k, μ) = Pg,δδ (k) + 2f μ2 Pg,δθ (k) + f 2 μ4 Pθ θ (k),

(14)

where the galaxy density–density power spectrum, Pg,δδ (k), is modelled using equation (9), and the galaxy density–velocity power
spectrum is modelled as (Swanson et al. 2010)


(15)
Pg,δθ (k) = b1 Pδθ (k) + b2 Pb2,θ (k) .
Note that here we assume no velocity bias, and that the matter
density–velocity, Pδθ , or the velocity–velocity Pθ θ can be computed using perturbation theory similarly to the density–density one.
We compare SPT with the closure approximation (CLA; Taruya &
Hiramatsu 2008; Nishimichi et al. 2009) as an example. The CLA is
one of the improved perturbation theories including the renormalized perturbation theory (Crocce & Scoccimarro 2006a,b), and the
CLA power spectrum at two-loop order is in an excellent agreement
with the N-body simulation results (Carlson, White & Padmanabhan 2009; Taruya et al. 2009). A disadvantage of the CLA is that
it involves time-consuming integrations in the two-loop order, and
therefore it is computationally difficult to apply the CLA to Monte
Carlo Markov Chain (MCMC) analysis (see Taruya et al. 2012 for
recent effort to speed up the computation).
RSD Model 3: Non-linear Kaiser with FoG. At smaller scales than
the typical size of virialized clusters, the internal velocity dispersion of galaxies makes the galaxy clustering pattern elongated along
the line of sight, known as the Finger-of-God (FoG) effect (Jackson 1972). The FoG suppression is necessary for massive haloes in
which most of the CMASS galaxies exist as central galaxies (e.g.
Hatton & Cole 1998), with about 10 per cent of the CMASS galaxies being satellite galaxies (White et al. 2011). The satellites are
expected to have larger small-scale velocity dispersion than central
galaxies, and cause the additional FoG suppression in the CMASS
power spectrum. In order to account for the FoG effect, Scoccimarro (2004) proposed a phenomenological model in which the
FoG suppression is described by an overall exponential factor:

PgS (k, μ) = exp −f 2 σV2 k 2 μ2


× Pg,δδ (k) + 2f μ2 Pg,δθ (k) + f 2 μ4 Pθ θ (k) ,
(16)
where σ V is the velocity dispersion which we treat as a free parameter.
RSD Model 4: Non-linear Kaiser with correction terms and FoG.
Recent studies show that higher order correlations between the
density and the velocity divergence in the non-linear mapping from
real to redshift space become important to explain the redshift-space
power spectrum especially for massive haloes (Taruya, Nishimichi
& Saito 2010; Nishimichi & Taruya 2011; Reid & White 2011; Tang,
Kayo & Takada 2011; Okumura et al. 2012a; Okumura, Seljak &
Desjacques 2012b). Taruya et al. (2010) proposed a new model
including such correction terms and can be generalized to biased
objects:

PgS (k, μ) = exp −f 2 σV2 k 2 μ2 Pg,δδ (k) + 2f μ2 Pg,δθ (k)

+ f 2 μ4 Pθ θ (k) + b13 A(k, μ; β) + b14 B(k, μ; β) , (17)
with β ≡ f/b1 . Note that terms associated with A and B include the
linear bias dependence of b12 at maximum, and b13 or b14 originates
from the fact that we replace f with β = f/b1 . Also note that we did
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L
where Pcbν
(k) and PνL (k) represent the linear power spectrum for
total matter (CDM plus baryons plus massive neutrinos) and for
massive neutrinos only, respectively, and the coefficient fi denotes
the mass fraction of each species relative to the present-day energy
density of total matter, m , i.e.

ν
mν
fν ≡
=
(8)
, fcb = 1 − fν .
2
m
m h × 94.1eV
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3.2 Fitting formula
3.2.1

Figure 2. An example of comparison among the RSD models. Upper: the
monopole power spectra for the RSD models shown in the text; RSD 1:
the Linear Kaiser (red), RSD 2: the Non-linear Kaiser (blue for SPT and
green for CLA), RSD 3: the Non-linear Kaiser with the FoG prefactor
(magenta) and RSD 4: the Non-linear Kaiser plus correction terms with
the FoG (black). Each spectrum is divided by the Linear Kaiser model
with linear no-wiggle spectrum for clarification purpose. We consider the
cosmology for the CMASS mocks and the best-fitting parameters of (b1 , b2 ,
N) in the case of mν CDM model. We use the linear velocity dispersion,
σ V = 4.57 Mpc h−1 when computing the FoG prefactor. For comparison, the

Linear Kaiser models with b2 = −0.2 (red dashed) and with mν = 0.1 eV
(red dotted) are also shown. Lower: fractional difference of each model from
the RSD model 4. The line colours and styles denote exactly same with those
in the upper panel. We show the error bars taken from diagonal components
in the CMASS covariance matrix as a reference.

not include non-linear bias terms proportional to b2 in the correction
terms for simplicity as we expect that such terms do not drastically
affect the discussion here.
Now let us compare the predicted power spectra using the RSD
models explained above, which are shown in Fig. 2. The upper
panel shows absolute amplitudes of the monopole power spectrum
(divided by the Linear Kaiser model with linear no-wiggle power
spectrum from Eisenstein & Hu 1998) for each model. We set the
values of bias parameters to the best-fitting values in the case of
mν CDM model, (b1 = 2.27, b2 = 1.02, N = 2293), corresponding to the Linear Kaiser for the RSD modelling. Meanwhile, the
lower panel plots fractional differences from Model 4 corresponding to the solid black line in the upper figure. As a reference,
we put the error bars taken from the diagonal components in the
CMASS covariance matrix used in this paper. First of all, the Linear
Kaiser using the SPT prediction (Model 1, red solid) overestimates
the monopole amplitude at all scales compared to other models.
The difference between the linear (Model 1, red solid) and the Non-

HALOFIT–ν

Another approach to model the matter power spectrum in the weakly
non-linear regime is to use fitting formulae, such as HALOFIT (Smith
et al. 2003), calibrated using N-body simulations. HALOFIT works
well for models without massive neutrinos. However, Bird et al.
(2012) found that HALOFIT overpredicts the suppression of the power
due to neutrino free-streaming on strongly non-linear scales, and the
discrepancy can reach the level of 10 per cent at k ∼ 1 h Mpc−1 . Bird
et al. (2012) proposed a new fitting formula, HALOFIT-ν, which is an
improved version of HALOFIT when massive neutrinos are present.
HALOFIT-ν was calibrated using an extensive suite of N-body simulations with neutrinos and it was shown to work significantly better
than the original HALOFIT on non-linear scales with the presence of
neutrinos.
To convert the matter power spectrum PHFν calculated using
HALOFIT-ν into the observable galaxy power spectrum, we follow
Swanson et al. (2010) combining this with free parameters for
galaxy bias
2
PHFν (k; z) + PHF ,
Pg (k; z) = bHF

(18)

where bHF and PHF are constant model parameters representing the
bias and the shot noise contamination, respectively.
3.2.2 Cole et al. (2005)
An alternative to model the galaxy power spectrum was proposed
by Cole et al. (2005), namely
2
Pg (k; z) = bQ

1 + Qk 2 L
P (k; z),
1 + 1.4k cbν

(19)

where k is the wavenumber in unit of h Mpc−1 and the parameters
bQ and Q change the overall amplitude and the scale dependence of
the linear power spectrum on small scales. It was shown that this
2 This argument comes from the fact that almost all of the CMASS galaxies
are central galaxies in the centre of massive haloes and their velocity dispersions are expected to be small (e.g. Nishimichi & Taruya 2011). Also,
the effect of satellites on the monopole clustering is shown to be negligibly
small, which is not true for the quadrupole (Okumura et al. 2012b; Reid
et al. 2012).
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linear Kaiser (Model 2, blue or green) is typically ∼3 per cent at
k = 0.1 h Mpc−1 or ∼6 per cent at k = 0.2 h Mpc−1 in the case
of SPT. The Non-linear Kaiser term does not strongly depend on
the way Pδδ , Pδθ and Pθ θ are computed, i.e. with SPT or CLA
if we consider k < 0.1 h Mpc−1 . A comparison between the Nonlinear Kaiser (Model 2, green) with the Non-linear Kaiser with FoG
(Model 3, magenta) addresses how the FoG suppress the power
spectrum. Here, we choose σ V = 4.57 Mpc h−1 which corresponds
to the value of linear velocity dispersion. Note that, since this value
is expected to be larger than that of the real CMASS catalogues, the
FoG suppression seen in the figure could be aggressive.2
In the specific case considered here, the FoG effect suppresses
the amplitude by ∼5 per cent at k = 0.1 h Mpc−1 or ∼15 per cent
at k = 0.2 h Mpc−1 . Finally, since the correction terms A and B in
equation (17) essentially enhance the amplitude at scales of interest,
the RSD Model 4 prediction (black) becomes larger than that of the
RSD Model 3 (magenta) by ∼4 per cent at k = 0.1 h Mpc−1 or
∼10 per cent at k = 0.2 h Mpc−1 .

Neutrino mass constraint from CMASS
fitting formula can match the redshift-space galaxy power spectrum
derived from the simulations well if the parameters b, Q are properly
chosen. In this analysis, we follow Swanson et al. (2010) to treat b
and Q as free parameters to be marginalized over.

To tighten the measurement of the summed neutrino mass, we combine the CMASS data with that from other cosmological surveys,
including CMB, SN and Hubble parameter determinations.
4.1 CMB and SN
We use likelihoods based on the Wilkinson Microwave Anisotropy
Probe (WMAP) 7-yr CMB data set including the temperature–
temperature and temperature–polarization angular power spectra
(Larson et al. 2011).
There are two recently compiled, and publicly available sets of
SN that are commonly used to set cosmological constraints – the
SNLS 3-year (Conley et al. 2011) and the Union2.1 sample (Suzuki
et al. 2012). We chose to use SNLS3 data in this work because
it includes a more homogeneous sample of SN at higher redshift,
which may make it less susceptible to systematics errors. We have
also performed our analysis for some cases (e.g. weighing neutrino
mass assuming a CDM background cosmology) using Union2.1
data for a comparison (see Fig. 6). For the SNLS data, the measured
apparent magnitude mmod is (Conley et al. 2011; Ruiz et al. 2012)

ments of CMASS P(k) and BOSS BAO (Anderson et al. 2012) use
the same galaxy sample, we never use the P(k) and BAO measurements of BOSS simultaneously. But we shall compare the neutrino
mass constraint using BOSS P(k) and BAO, respectively (see Fig. 3
and later discussions). The difference in the constraints will quantify
the degree to which it is the growth suppression effect of massive
neutrinos that provides the information we recover.
4.3 Parametrizing the Universe and the MCMC engine
The set of cosmological parameters that we will simultaneously
measure is given in Table 2, which also provides the basic definitions, the prior assumed, and the values for the vanilla CDM
model for these parameters. We use s rather than H0 to parametrize
the background expansion of the universe since s is less degenerate with other parameters (Lewis & Bridle 2002). A few require
lengthier definitions, including w0 and wa , which parametrize the
equation-of-state (EoS) parameter w of dark energy as a function
of the scalefactor a
w(a) = w0 + wa (1 − a).

(21)

(20)

This is the so-called Chevallier–Polarski–Linder (CPL)
parametrization proposed by Chevallier & Polarski (2001)
and Linder (2003). Parameters As , ns and α s parametrize the
primordial power spectrum Pin (Kosowsky & Turner 1995),
2

k
k
αs
lnPin (k) ≡ lnAs + [ns (kpv ) − 1]ln
,
+
ln
kpv
2
kpv
(22)

where dL is the luminosity distance, and the presence of nuisance
parameters α and β allows the inclusion of the possible degeneracy
between mmod , ‘stretch’ s and colour C. This is necessary because
in principle the peak apparent magnitude of an SN Ia is degenerate
with the broadness (stretch) of the light curve (broader is brighter),
and with the colour as well (bluer is brighter) (Ruiz et al. 2012).
Thus, in the likelihood calculation, where we essentially contrast
the theoretical prediction to the measured mmod for each SNe and
calculate the usual quadratic sum of the signal-to-noise ratio, we
numerically marginalize over α and β, and analytically marginalize
over the constant magnitude offset M.

where kpv denotes the pivot scale for the parametrization and we
choose kpv = 0.05 h Mpc−1 in this work.
We use a modified version of CAMB (Lewis, Challinor & Lasenby
2000) to calculate the observables and compute the likelihood by
comparing to observations. In our general parameter space (see
Table 2), w(a) evolves with the scalefactor a, and it is allowed to
cross w = −1. This means that we allow the quintessence (Peebles
& Ratra 1988; Ratra & Peebles 1988), phantom (Caldwell 2002),
k-essence (Armendariz-Picon, Mukhanov & Steinhardt 2000) and
quintom (Feng, Wang & Zhang 2005) dark energy models in the
global fitting. Note that when w(a) crosses the divide, i.e.

4.2 BAO

or w0 > −1 and w0 + wa < −1,

We also combine the BAO measurements from 6dF (Beutler et al.
2011), SDSS-II (Percival et al. 2010) and the WiggleZ survey (Blake
et al. 2011). The data used is shown in Table 1. Since the measure-

dark energy fluid has multicomponents (Feng et al. 2005; Hu 2005).
In this case, we follow the prescription proposed by Zhao et al.
(2005) to calculate the evolution of dark energy perturbations.3 We
use a modified version of COSMOMC (Lewis & Bridle 2002), which is
an MCMC engine, to efficiently explore the multidimensional parameter space using the Metropolis–Hastings algorithm (Metropolis
et al. 1953; Hastings 1970).
To summarize our default assumptions, unless specifically mentioned,

mmod = 5 log10

H0
dL
c

− α(s − 1) + βC + M,

w0 < −1 and w0 + wa > −1,

Table 1. The BAO measurements used in this work. The
quantity rs /DV is the ratio of the sound horizon rs to DV
defined in equation (5), and A(z) is the parameter defined in
Eisenstein et al. (2005).
z

rs /DV

A(z)

6dF

0.106

0.336 ± 0.015

−

SDSS-II

0.20
0.35

0.1905 ± 0.0061
0.1097 ± 0.0036

−
−

WiggleZ

0.44
0.60
0.73

−
−
−

0.474 ± 0.034
0.442 ± 0.020
0.424 ± 0.021

BOSS

0.57

0.07315 ± 0.00118

−

(23)

(i) we use equation (9) to model the galaxy power spectrum;
(ii) we use WMAP 7-yr power spectra and the SNLS 3-yr measurement for the CMB and SN data, respectively;
(iii) we use the CMASS galaxy power spectrum measurement
truncated at k = 0.1 h Mpc−1 for the ‘CMASS’ data;
3 Note that alternative approaches have been proposed and can yield consistent result (e.g. see Fang, Hu & Lewis 2008).
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Table 2. The parameters used in our analysis and their physical meaning, ranges and values for the vanilla CDM model.
Parameter

Meaning

Prior (flat)

Value for the vanilla model

ωb ≡ b h2
ωc ≡ c h2
s
τ
ns
log[1010 As ]
ASZ
αs
mν
Neff
w0
wa
K
r

The physical baryon energy density
The physical dark matter energy density
100 times the ratio of the sound horizon to the angular diameter distance at decoupling
The optical depth
The spectral index of the primordial power spectrum
The amplitude of the primordial power spectrum
The amplitude of SZ power spectrum when using CMB
The running of the primordial power spectrum
The sum of the neutrino masses in the unit of eV
The number of the neutrino species
The w 0 parameter in the CPL parametrization
The w a parameter in the CPL parametrization
The contribution of the curvature to the energy density
The tensor to scalar ratio

[0.005, 0.1]
[0.01, 0.99]
[0.5, 10]
[0.01, 0.2]
[0.5, 1.5]
[2.7, 4]
[0, 2]
[−0.1, 0.1]
[0, 2]
[1.5, 10]
[−3, 3]
[−3, 3]
[−0.1, 0.1]
[0, 2]

Varied
Varied
Varied
Varied
Varied
Varied
Varied
0
0
3.046
−1
0
0
0

The nuisance parameter for SN defined in equation (20)
The nuisance parameter for SN defined in equation (20)
The nuisance parameter for P(k) when using equation (9)
The nuisance parameter for P(k) when using equation (9)
The nuisance parameter for P(k) when using equation (9)
The nuisance parameter for P(k) when using equation (18)
The nuisance parameter for P(k) when using equation (18)
The nuisance parameter for P(k) when using equation (19)
The nuisance parameter for P(k) when using equation (19)
The nuisance parameter for P(k) measurement systematics, defined in equation (2)

[0.6, 2.6]
[0.9, 4.6]
[1, 3]
[−4, 4]
[0, 5000]
[0.1, 10]
[0, 5000]
[0.1, 10]
[0.1, 50]
[−1, 1]

Varied
Varied
Varied
Varied
Varied
Varied
Varied
Varied
Varied
Varied

α
β
b1
b2
N
bHF
PHF
bQ
Q
S

(iv) when using the ‘CMASS’ data, we always combine the BAO
measurement shown in Table 1 except for the BOSS measurement;
(v) all the neutrino mass constraints are the 95 per cent confidence
limit (CL) upper limit;
(vi) all P(k) shown are evaluated at the mean redshift of BOSS,
which is zeff = 0.57.
5 R E S U LT S
In this section, we shall present the main result of the neutrino mass
measurements in difference cosmologies summarized in Table 3.
5.1 Neutrino mass measurement in a CDM universe
We now measure the summed neutrino mass mν assuming that the
background cosmology follows that of a CDM model, i.e. only
the vanilla cosmological parameters ωb , ωc , s , τ , ns , As , mν , and
the nuisance parameters are allowed to vary.

Table 3. The floating cosmological parameters and the corresponding acronym for each models. The symbol V stands for the
set of default vanilla parameters defined in Table 2.
Floating parameters
V
V
V
V
V
V
V
V
V
V
V
V

+ mν
+ mν + Neff
+ mν + w0
+ mν + w0 + wa
+ mν + αs
+ w0
+ w0 + w a
+ K
+ αs
+r
+ mν + Neff + w0 + wa + K + r + αs

Acronym
CDM
mν CDM
Neff mν CDM
wmν CDM
w 0 w a mν CDM
mν α s CDM
wCDM
w 0 w a CDM
oCDM
α s CDM
rCDM
All float
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Figure 3. The purple and green contours on the top layer in left-hand panels: the 68 and 95 per cent CL contour plots for neutrino mass and M obtained from
the joint data set including CMB+SN+CMASS power spectra cut-off at various k illustrated in the figure; the blue contours on the bottom layer in left-hand
panels: the 68 and 95 per cent CL contour plots for neutrino mass and M obtained from the joint data set including CMB+SN+CMASS BAO; right-hand
panel: the corresponding 1D posterior distribution of neutrino mass. A CDM model is assumed for the background cosmology.
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2045

5.1.1 The choice of kmax

Figure 6. The 95 per cent CL allowed parameter space for (M , mν )
obtained from the joint data set including CMB (red), CMB+SN (purple)
and CMB+SN+CMASS P(k) (white) in a mν CDM model. The SN data
of SNLS 3-yr and the Union2.1 sample were used for the left- and right-hand
panels, respectively. The CMASS P(k) was truncated at kmax = 0.1 h Mpc−1 .

priate on these scales is not worth the added risk, and we choose
kmax = 0.1 h Mpc−1 as our default. All of the results presented are
based on this conservative limit.
Fig. 4 shows the goodness of fit by overplotting the best-fitting
model on top of the observational data for the cases of kmax = 0.1,
0.2 h Mpc−1 . The quantity shown is the ratio between the galaxy
L
power spectrum and the linear matter power spectrum, Pg (k)/Pcbν
(see equations 7 and 9). From equation (10), we can see that on
large scales, this ratio is roughly the linear galaxy bias squared b12 .
Our MCMC analysis suggests b1  2, which is consistent with the
result in Reid et al. (2012).
5.1.2 The choice of the galaxy modelling
Next we shall test the effect of the choice of the galaxy modelling.
To test the limiting scales to be fitted in the last section, we used
equation (9) to model the galaxy power spectrum. In Fig. 5, we
show the contours for mν and M for the HALOFIT-ν (equation
18) and the Cole et al. (2005) (equation 19) models. The difference between constraints calculated assuming these three models
is marginal, which is reasonable as they only differ in form for
kmax > 0.1 h Mpc−1 .
Figure 4. The CMASS data used in the analysis and the best-fitting power
spectrum assuming a mν CDM cosmology. The data and spectra are both
rescaled using the linear matter spectrum for the best-fitting model. The
upper and lower panels show the cases of kmax = 0.1 and 0.2 h Mpc−1 ,
respectively.

5.1.3 The choice of SN data
The left-hand panel of Fig. 6 shows 95 per cent CL contour plots for
mν and M , comparing various data combinations. Comparison

Figure 5. The 68 and 95 per cent CL contour plot for neutrino mass and M using three different galaxy modelling.
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Fitting to a wider range of scales has the potential to provide better constraints on mν , as we have a longer lever-arm with which
to assess the contribution from the neutrinos. However, fitting to
smaller scales relies more heavily on the model for galaxy formation. In Fig. 3, we compare results fitting to scales with kmax = 0.1,
0.2 h Mpc−1 when all data are combined (purple and green contours). As shown, the change is marginal, with the upper limit for
mν only lowered to 0.338 eV from 0.340 eV when kmax is increased from 0.1 to 0.2 h Mpc−1 . This is understandable given our
default galaxy bias model: when kmax is larger, the non-linear P(k)
data simply constrains the nuisance parameters b2 in equation (9)
rather than mν . We should expect that, for larger kmax , the model
equation (9) becomes less reliable since it is based on perturbation
theory. Given that our lack of knowledge of the non-linear bias
of the CMASS galaxies means there is little information over the
range 0.1 < k < 0.2 h Mpc−1 , assuming that our model is appro-
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with the left-hand panel shows the effect of including the Union2.1
rather than SNLS3 SN data. SNLS3 data provide tighter constraint
on M , although the measurements of the neutrino mass are similar,
namely

mν < 0.334 eV(WMAP7 + Union2.1 + CMASS).

(24)

In both cases, we see that CMASS data help to reduce the allowed
parameter space dramatically.
5.1.4 The effect of the redshift-space distortion modelling
We now test how the neutrino mass measurements are affected by
the choice of the RSD model. In Figs 7 and 8 and Table 4, we show
the constraint on neutrino mass (and related parameters) derived
from the same data set (the CMASS P(k) is cut at k = 0.1 h/Mpc)
using different RSD modelling. As we can see, the neutrino mass
constraints are generally similar. This is mainly because the effect
of scale-dependent RSD up to k = 0.1 h/Mpc is rather mild and is
unlikely to be degenerate with the neutrino mass. Note, however,
that the neutrino mass is indeed degenerate with the linear bias
parameter b1 with the correlation coefficient being 0.716. This is
easy to understand: increasing b1 shifts the whole P(k) upwards,

RSD modelling
RSD1
RSD2
RSD3
RSD4

mν (eV)
95 per cent CL Mean
<0.340
<0.336
<0.384
<0.324

0.149
0.140
0.158
0.135

σ
0.104
0.103
0.118
0.099

thus a larger neutrino mass is needed to suppress the power to
compensate. This is similar to the well-known degeneracy between
the neutrino mass and the EoS w of dark energy (Hannestad 2005).
Given these results, in this work we adopt the RSD1 model, which
is equivalent to the SPT model (equation 9), as a default just for
simplicity.
5.1.5 P(k) or BAO?
A strong feature of the galaxy power spectrum is the BAO signal,
whose location depends on rs /DV , where rs is the sound horizon at
the baryon drag epoch, and DV is the average distance to the galaxies
pairs defined in equation (5). The full CMASS P(k) includes information on additional physical processes, including those related to
neutrinos. In some cases, e.g. for dark energy parameters, BAO
and the full P(k) can provide similar constraints (see e.g. Sanchez
et al. 2012). By comparing our constraints using the full P(k) to
the BAO only result, we can determine the amount of information
about physical processes related to neutrinos that is encoded in the
CMASS P(k).
For the constraints on the summed neutrino mass, Fig. 3 and
Table 5 show that the constraint from including the CMASS BAO
measurement, rather than the full power spectrum is much weaker,
namely
mν < 0.579 eV(WMAP7 + SNLS3 + CMASS BAO),
mν < 0.340 eV(WMAP7 + SNLS3 + CMASS P (k)).

Figure 7. The 1D posterior distribution of the neutrino mass using different
RSD modelling as illustrated in the legend.

Clearly, the broad-band shape of the CMASS P(k) contains significant information on physical processes related to neutrinos, particularly on the small-scale damping of P(k) caused by the freestreaming of neutrinos.

Figure 8. The 1D and 2D constraint on neutrino mass and related parameters.
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mν < 0.340 eV(WMAP7 + SNLS3 + CMASS),

Table 4. The neutrino mass constraint for various
RSD modelling.
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Table 5. The neutrino mass constraint for various galaxy modelling and data choices.
mν (eV)
95 per cent CL Mean

Data

SPT, equation (9)
SPT, equation (9)
HALOFIT, equation (18)
HALOFIT, equation (18)
Cole et al. (2005), equation (19)
−

CMASS P(k), kmax = 0.1 h Mpc−1
CMASS P(k), kmax = 0.2 h Mpc−1
CMASS P(k), kmax = 0.1 h Mpc−1
CMASS P(k), kmax = 0.2 h Mpc−1
CMASS P(k), kmax = 0.1 h Mpc−1
CMASS BAO

<0.340
<0.338
<0.388
<0.402
<0.399
<0.579

0.149
0.152
0.167
0.173
0.168
0.261

σ
0.104
0.097
0.117
0.121
0.121
0.172

5.1.6 Summary
The measurements of the neutrino mass in a CDM background
cosmology are summarized in Table 5. We find that:
(i) as long as WMAP7 and CMASS P(k) data are used, using
SNLS3 or Union2.1 SN data yield similar neutrino mass constraints;
(ii) the neutrino mass constraint cannot be improved when fitting
to scales kmax  0.1 h Mpc−1 ;
(iii) if kmax = 0.1 h Mpc−1 , three galaxy models for the galaxy
power spectrum described in equations (9), (18) and (19), and the
four models for redshift-space distortions described in Sction 3.1
yield similar results;
(iv) the constraint is significantly degraded if the BAO only are
used instead of the full power spectrum.
5.2 Neutrino mass measurements in more general
background cosmologies

Figure 10. The corresponding 1D posterior distribution of neutrino mass
for the cases shown in Fig. 9.

In this section, we reinvestigate the summed neutrino mass measurement in more general cosmologies, when several parameters in
Table 2 are allowed to vary. Figs 9 and 10 present likelihood contours showing neutrino mass constraints in the models considered.

5.2.1 Neutrino mass in a wmν CDM universe
Neutrino mass and w (assumed to be a constant here) of dark energy are generally degenerate because both can affect the shape of
the matter and CMB power spectra (Hannestad 2005). We indeed

Figure 11. The 68 and 95 per cent CL contour plots for w and neutrino
mass obtained from the joint data set including CMB+SN (green) and
CMB+SN+CMASS power spectrum (magenta) in a wmν CDM cosmology.

see this degeneracy in Fig. 11, and this is why the neutrino mass
constraint is diluted if w is allowed to float, as shown in panel (A) in
Fig. 9. In Table 6, we can see that when w is varied, the 95 per cent
CL upper limit for neutrino mass is relaxed from 0.340 to 0.432 eV,
a 27 per cent degradation.
Figure 9. Green contours in the back layer: the 68 and 95 per cent CL
constraints for the summed neutrino mass and M assuming different cosmologies shown in the legend. Transparent magenta contours on the front
layer: the constraint assuming a mν CDM cosmology for a comparison.

5.2.2 Neutrino mass in a w0 wa mν CDM universe
The dynamics of dark energy can further dilute the neutrino mass
constraint (Xia et al. 2007). We measure the neutrino mass again by
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Table 6. The mean and the 68 per cent CL errors for the cosmological parameters measured assuming various models. For the parameters with a one-tailed
distribution, such as the neutrino mass and r, the 95 per cent CL upper limit is presented instead.

w0

mν CDM

mν Neff CDM

wmν CDM

w 0 w a mν CDM

mν α s CDM

All float

0
3.046

<0.340
3.046

<0.491
4.308 ± 0.794

<0.432
3.046

<0.618
3.046

<0.395
3.046

−1

−1

−1

−1.081 ± 0.075

−0.982+0.157
−0.156

<0.821
4.032+0.870
−0.894

−1

−0.964+0.173
−0.168

wa

0

0

0

0

−0.718+0.911
−0.966

100K
r
αs

0
0
0

0
0
0

0
0
0

0
0
0

0
0
0

0
0
−0.012 ± 0.019

−0.411 ± 1.02
<0.440
−0.032 ± 0.030

100b h2

2.265 ± 0.050

2.278 ± 0.054

2.261 ± 0.051
13.31+1.32
−1.30

11.455+0.352
−0.341

2.268+0.080
−0.081

1.0350 ± 0.0038

τ

11.217+0.254
−0.256
1.0394+0.0026
−0.0027
0.0869+0.0065
−0.0069

2.241+0.053
−0.052

2.246 ± 0.060

11.317+0.243
−0.245
1.0397+0.0024
−0.0025
0.0870+0.0063
−0.0070

2.268+0.050
−0.052

h2

0.0881+0.0063
−0.0069

ns

0.967 ± 0.012

0.969 ± 0.012

3.085 ± 0.033

3.076+0.035
−0.036

M

0.2796 ± 0.0097

0.2804+0.0103
−0.0105

100h

69.72+0.90
−0.91

100c
s

ln[1010 As ]

σ8
Age (Gyr)

0.816 ± 0.021
13.79 ± 0.10

69.40+1.03
−0.99
0.772+0.036
−0.034

0

−0.731+0.982
−1.053

11.765 ± 0.472

11.303+0.264
−0.262

12.974+1.304
−1.329

1.0390 ± 0.0026

1.0387 ± 0.0026

1.0395 ± 0.0026

1.0364 ± 0.0039

0.0854+0.0061
−0.0063

0.0850+0.0061
−0.0068

0.0921+0.0071
−0.0080

0.0927+0.0069
−0.0082

0.982 ± 0.014

0.966 ± 0.012

0.961 ± 0.013

0.954 ± 0.026

0.965+0.043
−0.042

3.115 ± 0.038

3.078 ± 0.033

3.081 ± 0.033

3.084 ± 0.036

3.115 ± 0.042

0.2829+0.0100
−0.0102

0.2767+0.0108
−0.0107

0.2815+0.0130
−0.0128

0.2821+0.0106
−0.0107

0.2798+0.0146
−0.0144

70.56 ± 1.43

69.33+1.03
−1.01

74.14+3.17
−3.14

70.46+1.44
−1.38

73.78+3.16
−3.17

0.807 ± 0.044

0.786 ± 0.046

0.792 ± 0.053

0.772 ± 0.039

12.95+0.53
−0.54

0.796+0.063
−0.064

13.86 ± 0.12

13.84 ± 0.12

13.83 ± 0.11

13.28 ± 0.59

13.84 ± 0.12

parametrizing dark energy using the CPL parametrization, equation
(21). As shown in panel (B) of Figs 9 and 10 and Table 6, the
neutrino mass constraint is further diluted to 0.465 eV, which is a
37 per cent degradation.

5.2.3 Neutrino mass in a Neff mν CDM universe
The effective number of the relativistic species Neff is directly related
to M h2 , the physical matter density and zeq , the redshift of the
matter-radiation equality. Consequently, varying Neff can change
the ratio of the first to the third peak of the CMB temperature–
temperature spectrum, and also the shape of matter power spectrum
(Komatsu et al. 2011). The standard value of Neff is 3.046 (Mangano
et al. 2005), but in general, Neff can be considered a free parameter
to be constrained by data. The bound of Neff can be used to study
the neutrino physics, and investigate the upper bound of energy
density in primordial gravitational waves with frequencies >1015 Hz
(Komatsu et al. 2011). As we see from panel (C) in Fig. 9 and in
Table 6, relaxing Neff dilutes the neutrino mass more than the dark
energy parameters: the constraint is relaxed to 0.491 eV, which is a
44 per cent degradation.

5.3 Measurement of other cosmological parameters
In this section, we present the measurements of other cosmological
parameters. For each parameter x, we first present the constraint
in the xCDM model.4 We then provide the constraint in either the
xmν CDM, or the ‘All float’ models, according to the degeneracy
between x and the neutrino mass. In this way, we can see the impact of neutrino mass, and other cosmological parameters on the
measurement of parameter x.
5.3.1 M and H0
In CDM, M and H0 are well determined, namely
−1
Mpc−1 .
M = 0.2796 ± 0.0097, H0 = 69.72+0.90
−0.91 km s

(25)

If the neutrino mass is marginalized over, the constraint becomes
+1.03
−1
Mpc−1 .
M = 0.2804+0.0103
−0.0105 , H0 = 69.40−0.99 km s

(26)

If all parameters are marginalized over, the constraint is diluted to
+3.16
−1
Mpc−1 .
M = 0.2798+0.0132
−0.0136 , H0 = 73.78−3.17 km s

(27)

From these numbers and also Fig. 12, we can see that marginalizing
over neutrino mass can only dilute the constraint on these background parameters by roughly 10 per cent, but if other parameters
including w0 , wa , K vary, the degradation is significant.

5.2.4 Neutrino mass in the most general cosmology
Finally, let us consider the most conservative case in which all the
cosmological parameters listed in Table 2 are allowed to vary simultaneously: in addition to w0 , wa and Neff , the curvature K ,
running α s and tensor-to-scalar ratio r are varied. All of these parameters can, in principle, be degenerate with the neutrino mass,
e.g. α s can mimic the effect of neutrinos on P(k) by titling the
power, thus changing the shape (Feng et al. 2006). As expected, the
neutrino mass constraint is weakened significantly to 0.879 eV, a
160 per cent degradation compared to that in a CDM background
cosmology.

5.3.2 Curvature K
The (K , M ) contour and the posterior distribution of K are
shown in Fig. 13. In the ‘All float’ model, the K constraint
is weakened by more than a factor of 2, namely K =
66
−0.002 64+0.004
−0.004 61 (oCDM), and K = −0.004 11 ± 0.010 29 (All
float). But in both cases, K is very consistent with zero.
4 If x is a member of the set of the vanilla parameters presented in Table 2,
we present the constraint in CDM.
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Figure 15. The 68 and 95 per cent CL contour plots for w0 and w a obtained
from the joint data set in three cosmologies: w0 w a CDM (black curves),
w 0 w a mν CDM (magenta) and ‘All float’ (blue). The black dashed lines
subdivide the parameter space according to the theoretical dark energy model
predictions, and the yellow star illustrates the CDM model.

namely w = −1.068 ± 0.072 (wCDM) and w = −1.081 ± 0.075
(wmν CDM). If all the parameters are marginalized over, the constraint is further weakened to w = −1.067 ± 0.121.

5.3.4 w0 and wa
Similarly, the CPL parameters w0 and wa are less constrained when
the other cosmological parameters, including the neutrino mass, are
simultaneously fitted:
Figure 13. Left – green contours on the back layer: the 68 and 95 per cent
CL constraints for K and M in the ‘All float’ cosmology. Transparent
magenta contours on the top layer: the same for the oCDM cosmology.
Right: the corresponding 1D posterior distribution of K . The vertical black
dashed line shows K = 0 to guide eyes.

w0 = −1.041 ± 0.143, wa = −0.111 ± 0.708 (w0 wa CDM),
w0 = −0.984 ± 0.157, wa = −0.704 ± 0.901 (w0 wa mν CDM),
w0 = −0.964 ± 0.168, wa = −0.731 ± 0.970 (All float).
The contour plot for w0 , wa is shown in Fig. 15 for three cosmologies. As we can see, marginalizing over the neutrino mass can
significantly dilute the measurement of w0 and wa , and also shift the
contour towards a more negative wa . This is understandable – when
the massive neutrino, whose EoS is non-negative, is assumed to
exist in the universe, a dark energy component with a more negative
EoS (assumed constant) is needed to compensate. This is why we
see an anticorrelation between w and the neutrino mass in Fig. 11.
If the dynamics of dark energy, represented by a non-zero wa for
example, is allowed, the neutrino mass anticorrelates with the effective EoS weff of dark energy (see equation 57 in Zhao et al. 2005).
As a result, either w0 or wa needs to be more negative if mν = 0.

Figure 14. The 68 and 95 per cent CL contour plots for w and M obtained from the joint data set including CMB (blue), CMB+SN (green) and
CMB+SN+CMASS power spectrum (magenta). The neutrino mass is fixed
to zero and allowed to vary in the left- and right-hand panels, respectively.

5.3.3 The constant w
Due to the degeneracy between w and the summed neutrino
mass shown in Figs 11 and 14, the constraint of w is slightly
relaxed when the summed neutrino mass is marginalized over,

5.3.5 Neff
The number of neutrino species is measured to be 4.308 ± 0.794
and Neff = 4.412+0.865
−0.876 , in the Neff mν CDM and ‘All float’ models,
respectively. In both cases, the standard value Neff = 3.046 is only
consistent with this at the 1.6σ level.
Fig. 16 shows the contour plot of Neff and M h2 , and the posterior
distribution of Neff for both Neff mν CDM and ‘All float’ models.
As we see, Neff strongly correlates with M h2 as expected since Neff
is directly related to M h2 (see equation 53 in Komatsu et al. 2011).
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Figure 12. The 68 and 95 per cent CL contour plots for M and H0 obtained
from the joint data set for  CDM (black solid), mν CDM (magenta filled)
and ‘All float’ models (green filled).
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Figure 18. Left-hand panel: 68 and 95 per cent CL contours for ns and α s
obtained from the joint data set for α s CDM (black solid), α s mν CDM
(magenta filled) and ‘All float’ models (green filled). Right-hand panel: the
corresponding 1D posterior distribution of α s .

eters are allowed to vary. The scale-invariant spectrum (ns = 1) is
outside the 68 per cent CL region of the resulting contour, but is
within the 95 per cent CL region in both cases.
5.3.7 Running of the primordial power spectrum
The running of the primordial power spectrum, α s , is constrained
to be αs = −0.017+0.018
−0.017 in the α s CDM cosmology. Since both
α s and the neutrino mass can change the shape of P(k) (Feng
et al. 2006), we redo the analysis with the neutrino mass also allowed to vary. The resultant measurement is slightly diluted, namely
α s = −0.012 ± 0.019. When all the parameters vary, the constraint
is further weakened to be α s = −0.032 ± 0.030. The contour plot
for ns and α s and the 1D posterior distribution of α s are presented
in Fig. 18. As shown, α s is consistent with zero in all of the cases
we consider.
Figure 17. 68 and 95 per cent CL contours for (ns , r) in the rCDM (magenta) and the ‘All float’ models (green). The solid black lines subdivide
the parameter space to show different inflation model predictions. The blue
dashed and red dash–dotted lines illustrate the models of φ 2 and φ 4 , respectively. The small and large dots on each line show the model prediction for
the e-fold N = 50 and 60, respectively. See the text for more details.

5.3.6 Tensor mode and the inflation models
Various inflation models can be classified on the (ns , r) plane. For
example, the small-field and large-field models predict r < 83 (1 −
ns ), ns  1 and 83 (1 − ns ) < r < 8(1 − ns ), ns  1, respectively,
while hybrid inflation predicts r > 83 (1 − ns ) and ns free (Peiris
et al. 2003; Tegmark et al. 2004). To test various inflation models,
we show the (ns , r) contour plot in Fig. 17. The constraint is
ns = 0.982 ± 0.012,

r < 0.198 (rCDM),

ns = 0.965+0.043
−0.042 ,

r < 0.440 (All float).

(28)

We also show the prediction of two large-field inflation models,
(i) V ∝ φ 2 : r = N8 , ns = 1 − N2 ,
, ns = 1 − N3 ,
(ii) V ∝ φ 4 : r = 16
N
where φ and V denote the inflation and the potential of the inflation,
respective, and N stands for the e-fold number. We show the model
predictions for both the φ 2 and φ 4 cases for N = 50, 60. As we can
see, in the rCDM cosmology, the φ 4 model is significantly disfavoured, but the φ 2 model is still allowed. However, both models
are consistent with observations for the case where all the param-

5.3.8 Measuring all of the parameters simultaneously
Measurements for all of the cosmological parameters are listed in
Table 7. For each parameter x, we consider both the cases where the
varied parameters are the vanilla parameters with a minimal extension to include the parameter concerned, and the measurement in the
‘All float’ model, when all parameters are simultaneously fitted. For
the ‘All float’ model, we compare the result using the CMASS P(k)
with that using only the CMASS BAO information. Comparison of
these measurements shows the additional information coming from
the power spectrum, even when allowing for nuisance parameters
for the galaxy bias modelling using equation (9).
The 1D posterior distribution of the cosmological parameters
and the 2D contours for pairs of these parameters are shown in
Fig. 19. The constraints using BAO only are generally weaker showing that the shape information in P(k) is not significantly degraded
even if a sophisticated galaxy bias modelling with several nuisance
parameters is used.
6 CONCLUSIONS
We have measured the summed neutrino mass using the power spectrum of the SDSS-III CMASS sample. We also investigate how the
prior knowledge of the neutrino mass affects the measurement of
other cosmological parameters. We do this by studying both the
minimal model, where we have a flat, CDM background with the
‘extra’ parameter considered, and also study the bounds on cosmological parameters in a more general case, in which all parameters
are allowed to vary simultaneously.
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Figure 16. Left-hand panel: the 68 and 95 per cent CL contour plots for Neff
and M h2 obtained from the joint data set for Neff mν CDM (magenta) and
‘All float’ models (green); Right-hand panel: the corresponding 1D posterior
distribution of Neff .
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Table 7. The constraint of the cosmological parameters in the optimistic (vanilla parameters with a minimal extension to include the
parameter concerned) and the conservative case where all parameters are allowed to float. For the conservative case, we show the result using
the CMASS P(k) and CMASS BAO, respectively.

mν (eV)
Neff
w0
wa

Parametrization

All float
Constraint [CMASS P(k)]

Constraint [CMASS BAO]

<0.821
4.032+0.870
−0.894

<1.143
4.324 ± 0.881
−1.455+0.997
−1.010

mν CDM
Neff mν CDM

<0.340
4.308 ± 0.794

All float
All float

w 0 w a CDM

−1.041 ± 0.143

All float

w 0 w a CDM

−0.111 ± 0.708

−0.964+0.173
−0.168

−0.899+0.162
−0.167

All float

−0.731+0.982
−1.053

−0.631+0.902
−0.889

oCDM

−0.264+0.466
−0.461

All float

−0.411 ± 1.02

r

rCDM

<0.198

All float

<0.440

<0.405

αs

α s CDM

−0.017+0.018
−0.017

All float

−0.032 ± 0.030

−0.023 ± 0.030

CDM

2.265 ± 0.050

All float

2.268+0.080
−0.081

2.254+0.082
−0.083

CDM

11.32+0.243
−0.245
1.0397+0.0024
−0.0025
0.0870+0.0063
−0.0070

100K

100b h2
100c

h2

s

CDM

τ

CDM

All float

12.974+1.304
−1.329

13.671+1.587
−1.575

All float

1.0364 ± 0.0039

1.0351 ± 0.0038

All float

0.0927+0.0069
−0.0082

0.0922+0.0069
−0.0079

0.965+0.043
−0.042

0.971+0.042
−0.041

ns

CDM

0.967 ± 0.012

All float

ln[1010 As ]

CDM

3.085 ± 0.033

All float

3.115 ± 0.042

3.121 ± 0.045
0.2861+0.0152
−0.0153

M

CDM

0.2796 ± 0.0097

All float

100h

CDM

69.72+0.90
−0.91

All float

0.2798+0.0146
−0.0144
73.78+3.16
−3.17

Age (Gyr)

CDM

13.79 ± 0.10

All float

13.28 ± 0.59

74.56+3.44
−3.34
13.20+0.64
−0.66

Figure 19. The 1D posterior distribution of the cosmological parameters listed in Table 2 and the 2D 68 and 95 per cent CL contours within them. The shaded
contours and blue solid curves show the results calculated using the CMASS power spectrum, while the unfilled contours and the red dashed curves show the
result using the CMASS BAO distance measurements. The CMB, SN and other BAO data sets are combined for both cases. The black vertical lines show the
standard values for some of the parameters.

For the neutrino mass constraint, we discuss several factors which
might affect the final result, including the choice of SN data, the
treatment of the galaxy modelling, and the cut-off scale of the power
spectrum for the analysis. Our main results can be summarized as
follows.

(i) How heavy are the neutrinos?
When we assume a mν CDM cosmology, we find that
mν < 0.340 eV (95 per cent CL) using a joint analysis of data from
WMAP7, SNLS3, the CMASS power spectrum and the BAO measurement of WiggleZ, 6dF and SDSS-II. In the most conservative
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Table 8. Recently published neutrino mass constraints found in the literature. For the neutrino mass constraints, the number in the
parentheses shows the measurement obtained under more conservative assumptions, where available.
Reference

Galaxy data used

<0.80 (0.81)
<0.30 (0.51)
<0.28 (0.47)
<0.51
<0.26 (0.36)
<0.29 (0.41)
<0.48 (0.63)
<0.32
<0.340 (0.821)

Saito et al. (2009)
Reid et al. (2010a)
Thomas et al. (2010)
Sanchez et al. (2012)
de Putter et al. (2012)
Xia et al. (2012)
Wang et al. (2012)
Parkinson et al. (2012)
This work

3D power spectrum of SDSS-II LRG
maxBCG
MegaZ SDSS DR7
SDSS-III CMASS two-point correlation function combined with BAO of other surveys
SDSS-III DR8 LRG angular power spectrum (Aihara et al. 2011; Ho et al. 2012)
Angular power spectrum of CFHTLS galaxy counts
Weak lensing measurement of the CFHTLS-T0003 sample
Angular power spectrum of WiggleZ galaxy counts
SDSS-III CMASS 3D power spectrum combined with BAO of other surveys

case, where all the cosmological parameters in Table 2 are allowed to
vary simultaneously, the constraint is weakened to mν < 0.821 eV
(95 per cent CL).
There are several recently published neutrino mass constraints
listed in Table 8. The more conservative constraints, which were
derived using a smaller kmax , or assuming a more general cosmology
and so on, are also listed in the parentheses. The difference among
these measurements is due to different data sets used and different
galaxy modelling adopted. The conservative result of this work,
mν < 0.821 eV is significantly weaker showing how freedom
in other parameters degrades mν measurements, while the other
measurements were done in the mν CDM cosmology.
(ii) How many neutrino species?
The number of neutrino species is measured to be 4.308 ± 0.794 in
the Neff mν CDM. In this case, the standard value Neff = 3.046 is
only allowed at the 1.6σ level. In the ‘All float’ model, the constraint
is degraded to Neff = 4.412+0.865
−0.876 , but the standard value is still only
accepted at the 1.57σ level.
Interestingly, recently several groups have also measured
Neff > 3.046, including the Atacama Cosmology Telescope (Dunkley et al. 2011) and the South Pole Telescope (SPT; Keisler et al.
2011) teams. This allows the possibility of the existence of one
additional neutrino species, i.e. the sterile neutrino (e.g. Ciuffoli,
Evslin & Li 2012).
(iii) Is w = −1?
If one fits a constant w to the joint data set, then w = −1.068 ± 0.072
(wCDM) and w = −1.067 ± 0.121 (All float). For the CPL
parametrization, which allows w to vary linearly in the scalefactor a, w = −1 is still well within the 95 per cent CL limit.
The dynamics of w can be further probed by using a more general
parametrization, or a non-parametric approach to reconstruct w(a).
In fact, Zhao et al. (2012) recently performed a non-parametric
reconstruction of w(a) using a similar data set and found a signal
for the dynamics of dark energy at >2σ level. In principle, this is
not necessarily inconsistent with our result here simply because the
CPL parametrization we used in this work is not general enough to
cover the behaviour of w(a) that Zhao et al. (2012) found. Actually,
the CPL parametrization provides a much worse fit to the data (the
χ 2 is only reduced by 0.5 compared to the CDM model) than the
Zhao et al. (2012) result, which reduces the χ 2 by 6 with 3 effective
number of degrees of freedom.
(iv) Is the universe close to flat?
The answer is yes based on this analysis. The conclusion that K = 0
is robust – the measured K is very consistent with zero in all the
cases we considered.
(v) Is there a running in the primordial power spectrum?
The answer is no. We confirm that α s is consistent with zero at the
95 per cent CL in all the cases we studied.

(vi) How much tensor perturbation is allowed?
The tensor-to-scalar ratio is tightened down to r < 0.198 and
r < 0.440 in the minimal cosmological model and the ‘Full fit’
model, respectively. This rules out the φ 2 inflation model with the
e-fold number N < 60 to more than 3σ . However, the φ 4 model
with N  50 is still allowed.
All the above issues can be further investigated using the accumulating BOSS data in the next few years.
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